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Abstract

A three-dimensionalviscousstructured/

unstructuredhybridscheme has been developedfor

numerical computation ofhigh Reynolds number

turbomachinery flows.The procedureallowsan

efficientstructuredsolvertobe employed inthe

denselyclustered,high aspect-ratiogridaround the

viscousregionsnear solidsurfaces,whileemploying

an unstructuredsolverelsewhereinthe flowdomain

toadd flexibilityinmesh generation.Testresultsfor

an inviscidflowoveran externaltransonicwing and a

Navier-Stokesflowforan internalannular cascade

are presented.

Introduction

In modern turbomachinery designs,the rotorand

statorblade rows oftenpossessextreme turning

anglessuch thatthe flowdirectiondeviatesgreatly

from the axialdirection.These geometriesfrequently

cause difficultiesingeneratingstructuredmeshes [1].

In ordertoimpose point-to-pointperiodicityon

periodicboundariesinthe domain, thecomputational
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gridsare typicallyforcedintohighlyskewed shapes

thatdecreasethe accuracyofthe solvers.One remedy

forreducingthe gridskewness istoforegothe point-

to-pointcorrespondenceon the periodicboundaries

and tointerpolatesolutionvalues where necessary.

The disadvantageofthe non-periodicgridapproach is

thatthe localdensityofgridlineson eithersideofa

periodicboundary may be vastlydifferent.Hence,
flowfeaturesresolvedon one sideofthe domain

boundary may be diffusedorlostwhen interpolatedto

a coarsergridon the otherside.Another solutionto

gridskewness istouse unstructuredmeshes.

However, the costand technologyofpresentday

unstructuredsolversstillleavemuch room for

improveinent:

The computation ofboth inviscidand viscous

flowson unstructuredtriangularmeshes intwo

dimensions,and tetrahedralmeshes inthree

dimensions,has matured significantlyinrecentyears

[2-7].The abilityofunstructuredsolverstohandle

complex geometrieshas proven tobe valuablefor

many computations.However, the geometric

flexibilityofunstructuredgridsolversisalsothe

sourceoftheirdisadvantageswhen compared to

structuredsolvers.Due tothe naturally-ordereddata

connectivityofstructuredgrids,structuredsolvers

requiremuch lessmemory (especiallyforimplicit

schemes),implicitstructuredsolversare straight

forwardtocode,and turbulencemodeling iseasierto

implement.

The shortcomingsofboth structuredand

unstructuredmethodologiesare continuouslybeing

addressed and improved.In the meantime, however,

itispossibletotake advantage ofthebest properties

ofboth methodologies.In the presentpaper,a

solutionprocedurewhich couplesan efficient



structuredsolverwith an unstructuredsolveris

presented.The hybrid proceduretakesadvantage of

the computational efficiencyofstructuredcodesand,

atthe same time,isable tobenefitfrom the geometric

flexibilityofunstructuredsolvers.With the hybrid

approach,denselypacked structuredgridscan be

placedinthehighlyviscousregionsnear solid

surfaces,and unstructuredgridscan be used away

from solidsurfaces[8-10].This approach can avoid

the severegrid skewness commonly experiencedby

fullystructuredgridsaround turbinebladeswith high

turning angles.The procedure has variousother

applicationsas well,such asprovidinga means of

connectingmulti-bodygeometriesforChimera-type

gridstoinsurenode-to-nodecorrespondence[11-12].

The strategyofcouplingstructuredand

unstructuredmethods has been implemented fortwo-

dimensionalturbomachinery computationsby many

researchersinthe past [13-15].The presentwork

extendsthisstrategytothree-dimensional

turbomachinery flows.The hybridsolutiontechnique

isfirsttestedforan externalflxed-wingtransonicflow

case and the resultiscompared with a structured

solutionforvalidation.The code isthen appliedtoan

annular cascadeand the resultiscompared with

experimentaldata.

Formulation

In thissection,the solutionprocedureforthe

unstructuredsolverisfirstdescribed,followedby the

procedure forthe structuredsolver.Sinceboth the

structuredand the unstructuredsolversused inthis

paper have been previouslydocumented, onlybrief

outlinesofthe mathematical and numerical

formulationsaregiven.Lastly,the couplingprocedure

used tointegratethe two solversisdetailed.

Unstructured Solver

Governing Equation

The time dependent,Reynolds averaged,

compressibleNavier-Stokesequations,which express

the conservationofmass, momentum, and energy,are

solved.The turbulenceviscosityiscalculatedusing

the high Reynolds number turbulencemodel of

Launder and Spalding [16].The equationsofmotion,

writteninan integralform fora bounded domain G

withaboundary_, are

_tf_jnQ d-¢+ Jf_F(Q) AdS
(1)

where Q isthe unknown vectorcontainingthe

conservedproperties

Q = {p, pu, p_,,pw, eo, pk, pe} 'r (2)

In theabove equation,p isthe fluiddensity,u,u,and

w arethe Cartesianvelocitycomponents inx,y,and z

directions,respectively,eo isthe totalenergyper unit

volume.The turbulentkineticenergy and turbulent

kineticenergy dissipationrateare representedby k

and f_The vectorF isthe convectivefluxterm, G is

the viscousterm, and S isthe sourceterm containing

the productionand destructionofturbulentkinetic

energy.A completedescriptionofthe governing

equationsispresentedinReference[17]and willnot

be detailedhere forbrevity.

InviscidFlux SvatialDiscretization

The inviscidfluxacrosseach cellfacegis

computed usingRoe'sflux-differencesplittingformula

[18]

= FCQR)-IAICQR-QL)I 

Here, QL and QR are the statevariablestothe left

and rightofthe interfaceIc.The matrix _. is

computed by evaluating

A_ _F (4)
_Q

withRoe-averaged quantitiesso that

F(QR) - F(QL) = -_[QR - QL] (5)

is satisfied.

For a first-order scheme, the primitive variables

at each cell face are set equal to the cell-centered

averages on either side of the face. For a higher-order

scheme, estimation of the s_-te at each faceis

achieved by interpolating the solution at each time

step with a Taylor series expansion in the

neighborhood of each cell center. The cell-averaged
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solutiongradientsrequired atthe cellcenterforthe

expansionsare computed using Gauss'theorem by

evaluatingthe surfaceintegralforthe closedsurface

ofthe tetrahedra.This processcan be simplifiedusing

geometricinvariantfeaturesoftetrahedra[4].The

resultingsecond-orderformula forthe flowstateat

each cellfacecan be writtenas

+ II'I. ]
qf,.za=qi _[_tqn: +q,_ +qns)--qn,] (6)

where the subscriptsnl, n2, n3 denotethe nodes

comprising face fi.2,3ofcelli,and n4 correspondsto

the oppositenode.The expansion alsorequiresthe

nodal value ofthe solution,which can be computed

from the surrounding cellcenterdata usinga second-

orderaccuratepseudo-Laplacianaveragingprocedure

as suggestedby Homes and Connell[19].The three-

dimensionalextensionby Frink [20]isadoptedinthe

presentcalculations.

The convectiveterms ofthe turbulenceequations

are calculatedusing a first-orderaccuratescheme in

the presentpaper toreduce the computationalcost

and toensure the numerical stabilityofthe time

integration[21].

Viscous Flux Spatial Discretization

The evaluationofthe viscousterm G requires

firstderivativesofthe velocity,temperature,and h-z

valuesatthe cellfaces.They are achievedby first

evaluatingthe gradientofeach requiredflowquantity

atthe cellcenterfrom the known primitivevariables

ateach time step.The gradientofthe desired

quantityisobtainedby applyingthe gradient

theorem,

where _ representsthe volume ofthe domain over

which the theorem isapplied.The scalarquantity

can be the threecomponents ofvelocity,the

temperature,or turbulencequantities.Inthe present

calculations,the integraldomain isdefinedasthe

individualtetrahedralcell,and the surrounding

surfacearea b_ consistsofthe fourtriangular

surfacescoveringthe cell.This formulationis

consistentwith the numerical procedureofevaluating

the convectivefluxesofthe presentcell-centered

scheme.

Once the gradientsofthe desiredquantitiesare

known atthe cellcenter,nodal valuesare calculated

usingthe pseudo-Laplacianaveragingmentioned

earlierforthe convectiveterms.The fluxthrough

each ofthe triangularfacesinequation(7)isobtained

by averagingthe threenodal valuesforthe triangle.

Once the gradientsofthe primitivevariablesare

obtained,the shearstressesand can be calculated,
from which G isevaluatedatthe cellcenter.The

nodalvaluesofthesequantitiesare calculatedonce

againby applyingthe pseudo-Laplacianaveragingof

the surroundingcellcentervalues.The surfacefluxof

thesequantitiesinequation(1)isobtainedby taking

the averageofthe threenodalvaluesforeach

triangularfaceofeach cell.

Time Integration

The seven equationsofmotion are integratedin

time usingan explicit3-stageRunge-Kutta scheme

developedby Jameson etam.[22].The inviscidfluxes

are evaluatedateach time stageusingvaluesof

transportvariablesobtainedatthe previousstageof

the scheme ratherthen using valuesfrom the

previousiteration[23].The viscousdissipationand

the sourceterms are evaluatedpriortothe firststage

and remain constantwithinthat time iteration.

Localtime steppingand implicitresidual

smoothing are used toacceleratethe convergenceto

steadystate.Inclusionofthe viscousterms in the

residualsmoothing procedurewas essentialtoobtain

a stableand convergentsolution.The implicit

smoothing isalsoappliedtothe turbulenceequations.

Structured Solver

The structuredNavier-Stokesanalysisin the

presentprocedureuses a center-differenced,finite-

differencescheme. The code was originallya single-

blockexternalflowsolverdevelopedforanalysisof

fLxedand rotarywings [24].Multi-blockcapabilityhas

sincebeen added tothe code and additionalboundary

conditionroutineshave alsobeen implemented for

internalflowanalysis,

The structuredcodesolvesthe unsteady,

compressible,Reynolds-averagedNavier-Stokes

equationinstrongconservationform forcurvilinear

coordinates

JQd 3(E-Ev) _d(F-Fv)+d(G-Gv)=0 (8)
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Here, Q isthe vectorofconservedvariablesdividedby

the Jacobian ofthe coordinatetransformation.Five

unknowns are solvedinsteadofseven asinthe

unstructuredsolversinceBaldwin-Lomax algebraic

[25]turbulencemodel isused forthe structured

solver.

Time Integration

The solutionvectorisintegratedintime using

the implicitEuler method, which isfirst-order
accurateintime.The nonlinearinviscidfluxvectors

are linearizedat everytime levelabout theirvaluesat

the previoustime levelusing Taylorexpansions,e.g.

En+I=En+_nAQn+I+o(Az 2)

= E n + AnAQ n+l

(9)

The viscousterms are evaluatedexplicitly.Explicit

treatment ofthe viscousterms stillpermitstheuse of

largetime stepssincethe Reynolds numbers of

interesthere are fairlylarge.To furtherreduce

computationaltime and memory, theradial/spanwise

fluxderivativesare treatedexplicitlyatthe oldtime

level[26],but the new valuesareincorporatedas soon

as theybecome available.This explicittreatmentof

the spanwise fluxterms enablesthe scheme tosolve

the three-dimensionalequationsby solvingone

spanwise stationimplicitlyata time.To eliminate

any dependency the solutionmay have on the

spanwise marching direction,the solverreversesthe

marching directionwith every spanwise sweep.

The resultingleft-hand-sideofthe matrix

equationisapproximatelyfactoredintoalternating

directions

(I+ Az _{A n)(I+ Az 5_C n)AQ n+1

r (E _ - _"'n+'l 1
=-A=I ' '_+(F-_)Z'_+'

J
(10)

The implicitoperatingmatricesare then diagonalized

using a similaritytransformation[27].

Spatial Discretization

Standard second-ordercentraldifferencingis

used forthe spatialderivatives.Spectral-radius-

scaledfourth/second-differenceartificialdissipation

[22]isadded forstabilityand toeliminateoscillations

near shocks.The viscousterms are evaluatedusing

half-pointcentraldifferencingsothatthe

computationalstencilforthe stressterms uses only
threenodes ineach ofthe threedirections.

Hybrid Coupling

Sincethe structuredcode has multi-block

capability,the couplingprocedure treatsthe

unstructuredportionofthe hybridmeshes as a

separateblock.The blocksare solvedindependently

with respecttoeach other.Explicitboundary

conditionsare updated atthe end ofeach time

iteration.The two codesare looselycoupled,

essentiallyrunning independently ofeach other.The

onlyinteractionbetween the structuredsolverand

the unstructuredsolveristhrough boundary

conditions.The advantage ofthisformulationisthat

almostany two givencodescan be coupledtogether.

Inthispaper,a central-differencing,finite-difference

procedureand an upwind cell-centeredfinitevolume

procedureare coupled.The structuredsolveris

formulatedinan inertialframe ofreferencewhere as

the unstructuredsolverisina blade-flxedcoordinate

system.For non-moving-boundary cases,such as

pressure-driventurbinestatorflows,thereisno

differencebetween the two formulations.However, for

moving-boundary cases,caremust be taken when

transferringdata between the two solversdepending

on how boundary conditionsare prescribed.For

example, considera wing travelingat a constant

velocity.Sincethe structuredsolverassumes the wing

ismoving and the unstructuredsolverassumes the

domain isfixedinspace,the totalenergy must be

convertedbetween thetwo frames ofreference.At the

end ofeach iteration,mass, momentum, and energy

valuesare communicated between the structuredand

unstructuredsolvers.

Sincethe unstructuredsolverisa cell-centered

finite-volumescheme and the structuredsolverisa

vertex-basedfinite-differencescheme, the

unstructuredand the structuredgridsare overlapby

one layeratthe boundary inorder tominimize

interpolationand extrapolationerrorsatthe

boundary. By overlappingthe gridsinsteadof

abuttingthem againsteach other,the boundary nodes

I | [



forthe structuredsolverare interpolatedfrom the

interiorcellcentervaluesofthe unstructuredsolver.

Similarly,the cellboundary facevaluesofthe

unstructuredsolverare interpolatedfrom interior

structurednodes.An illustrationofthe overlapped

gridin2D isshown inFig.1.

structured solver

structured solver

Figure I.Structured-unstructuredmesh overlapping

by one layer.

Once the gridconstructioniscompleted,a tableis

generated toindex unstructurednodes totheir

correspondingstructurednodes,and vise-versa.The

index issimilartothe tablegeneratedbetween

structuredblockboundariesformulti-block

calculations.

Results and Discussion

Validationforboth the structured[24]and the

unstructuredsolvers[28,17]have been documented

previouslyand willnot be presentedhere.To testthe

structured-unstructuredhybridanalysis,calculations

fora transonicinviscidflow overa fixedwing and a

viscousflowfora turbinestatorblade arepresented.

For allcalculationsinthispaper,a structured

gridisfirstgenerated forthe entiregeometry.The

unstructuredgridsare generatedby subdividinga

portionofthe structuredcellseach intosix

unstructuredtetrahedra(Fig.2).This procedure

simplifiesgridgenerationand issuitableforthe

purpose ofcodevalidation.

Figure2.Unstructured tetrahedralcellsgenerated

using structuredcells.

Transonic Wing

The firstcalculationselectedforthe hybrid

scheme isa transonicwing ata freestreamroach

number of0.8and at 1.25"angle-of-attack.For this

testcase,flowperiodicityisimposed on the two end-
wallboundariestosimulatea two-dimensionalflow.

A purelystructuredsolutionforthiseaseisfirst

obtainedforcomparison.An O-H gridtopologyis

Used;thatis,an O-_d iSgenerated ateach spanwise

Station.For the StruCturedcalculation,each spanwise

stationconsistsof121 (streamwise)x 41 (normal)

points.Six spanwise stationsarerequireddue tothe

memory allocationalgorithmsforthe multi-block

structuredsolver.The number ofspanwise stations

used doesnot alterthe resultssincethe code

simulatesa two-dimensionalproblem.

For the structured-unstructuredcoupled

procedure,the gridisdividedintothreezones.The

innerzone,which wraps around the solidsurface

(121x12),iscalculatedusingthe structuredsolver.

The middle zone (121x6),which wraps around the

innerstructuredzone,issubdividedintotetrahedra

forthe unstructuredsolver.The outerzone,which

extendsfrom the middle zone tothe freestream,is

once again calculatedusing the structuredsolver.

Fig.3 illustratesthe three-zonesdescribedforthis

case.



Figure 3. Structured-unstructured zones for the

external wing calculation.

The actualgridused forthe calculationisshown in

Fig.4.

Figure 4. Structured-unstructured grid for the 2-D

wing calculation.

The purpose ofdividingthe calculationintothree

zonesistosimulatea Chimera typeofgridwhere a

simplebackground gridisgeneratedfortheentire

domain and a structuredgridisused around a solid

object.Insteadofinterpolatingbetween thetwo grids,

an unstructuredsolvercan be placedtoconnectthe

two setofgridsand obtainnode-to-node

correspondencewhich remove the needs for

interpolation.For a finitevolume approach,thisalso

insuresflowconservation.This approach isalso

recommended formulti-bodycalculations.Many
researchershave demonstrated structured-

unstructuredcouplingformulti-elementairfoil

calculationswhere structuredgridsare placenear the

solidsurfacesand an unstructuredsolverconnectsthe

structuredgridsand extendstothe farfield.Since

structuredsolversare generallymore efficient,it
makes sensetominimize unstructuredzones.

The unstructuredsolvercan be run inboth first-

and second-ordermodes, while the structuredsolver

isalways second-orderaccurate.Surfacepressure

distributionsforboth first-and second-orderhybrid

solutions,aswellas the fullystructuredsolutionare

shown inFig 5.Both hybridsolutionsagreevery

closelywith the standard structuredsolution,but the

flrst-orderunstructuredsolutionexhibitsa larger

deviationon the lower surface.

Cp 0

structured

..... hybrid (1st order unstr.)

hybrid (2nd-order unstr.)

Figure 5.Surfacepressuredistribution.

To examine the couplingbetween the structured-

unstructuredsolveracrossthe three-zones,pressure

contourlinesare shown inFig.6 forthe first-order

and the second-ordercoupling,alongwith the single

blockstructuredsolverforcomparison.For the first-

ordercoupling,a slightdiscontinuityexistsacrossthe

zonalboundary. However, the discontinuityissmall

and barelyperceptibleon a globalscale.For the

second-ordercoupling,the contoursshow the flowis

smooth with littleindicationofthe presence ofthe

zonalboundaries.The mass flowsinand out ofthe

sandwiched unstructuredzone are within 0.03% of

each other,indicatingthatgood flowconservationis

[ ! I



achieved.The unstructuredshock issomewhat more

compact then the structuredsolver.One reasonfor

thisisthatevery structuredcellbecomes six

tetrahedrasothatinthe streamwise direction,the

unstructuredcellsare twiceas dense asthe

structuredcells.The presenthybridprocedure

convergesconsiderablyslowerthen the single

structuredgriddue tothe explicitformulationofthe

incorporatedunstructuredsolver,which requiresa
low CFL number.

3-D Viscous Flow Through Turbine Blades-

Hybrid Procedure

The second testcaseselectedisa three-

dimensionalannular cascade[29].The geometry

consistsofan annular ringof38 turbinestatorvanes.

The blades are38.10 mm inspan,untwisted,and of

constantprofilewith an axialchord of38.23mm. The

statorhas a tipdiameter of508 mm and a hub-to-tip

radiusratioof0.85.The inletflowangleisparallelto

the axisofthe cascade.The Reynolds number based

on the inlettotalquantitiesand axialchordlengthis

898,650.The inlettotalpressureand total

temperature atone axial-chordlengthupstream of

the bladeleadingedge are known from experiment.

The exithub staticpressuretoinlettotalpressure

ratiois0.65 at2.6axial-chordlengthsdown stream of

the bladetrailingedge.

For the hybridcalculation,the computational

domain extendsone axial-chordlengthupstream of

the bladeleadingedge and 2.6axial-chordlengths

down stream ofthe blade trailingedge.The exithub

staticpressure toinlettotalpressureratioisknown

from experiment.The gridhas 105 (inlettoexit)x29

(bladetoblade)x15 (hub totip)nodes and 23,000cells
are subdividedintounstructuredcells.The structured

gridwraps around the solidsurfacesofthehub and

the turbineblade while the restofthe domain isfilled

with unstructuredcells.The hybridgridatone radial

stationforthe annular cascadeisshown inFig.7.For

the presentgrid,only 15 hub toshroud stationsare

used and the griddensitynear the trailingedge is

very coarse(only3 pointsdefiningthe rounded

trailingedge).While such a coarsegridisnot

acceptableforaccuratepredictionofviscouseffects,it

issufficientformonitoringthe communication

between the structuredand unstructuredzonesand to

predictthe overallflow field.

A no-slipboundary conditionisappliedatthehub

and on the blade surfaces,and an inviscidslip

conditionisappliedon the shroud.In thecoupled

calculation,the unstructuredsolverisrun without

turbulencemodeling because the effectsofturbulence

are much reduced outsidethe boundary layer.

The pressurecontourlinesacrossthe structured

and unstructuredzones are plottedinFig.8.The

same degreeofsmoothness as inthe previouswing

caseisobserved.In Fig.9,the chord wise surface

staticpressuresnormalizedby the inlettotalpressure

are compared with experiment at13.3%,50%, and

86.7% span.An overallagreement isfound accept

near the trailingedge where the computation on the

presentcoarsegriddid not pickup the peak values.

Concluding Remarks

A three-dimensional,unstructured,Navier-

Stokesflowsolverhas been coupledwith a three-
dimensionalstructuredcode toallowstructured-

unstructuredhybridcalculations.The two codes are

looselycoupledand interactonly through boundary

conditions.The structuredsolverisa center-

differencedfinite-differencescheme and the

unstructuredsolverisan upwind-differencedfinite-

volume scheme.

The hybridprocedurehas been testedfora

transonicwing and an annular cascade,and good

resultshave been obtained.The flowpropertiesacross

the boundary between the structuredand

unstructuredportionsofthe grid are smooth and well

behaved. The resultsshow that two distinct

discretizationtechniquescan be coupledtogetherwith

littleeffecton the solutionaccuracy,aslong as both
are ofsame order.
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Figure 6. Pressure contourlinesacrossthe structured-unstructuredzonalinterface
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Figure7.Structured-unstructuredhybridgridused
fortheannularcascadeflowcalculation.

Figure8.Pressurecontourlinesacrossthe
structured-unstructuredzonalinterface.
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